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Abstract
The goal of this study is a numerical investigation of the eﬀect of rippled surfaces on transition of laminar-wing flow by Tollmien-
Schlichting (TS) waves. This will provide a numerical tool for the prediction of dominating physical mechanisms. Numerical
studies of diﬀerent accuracy and eﬀort are expected, starting from linear stability theory (LST) in comparison with direct simu-
lations of TS-waves, basic studies of flat plate with sinusoidal perturbations of small amplitude and large wave-length, as well as
spacial investigations of TS-modes on a laminar profile with realistic surface-waviness.
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1. Introduction
For present technical applications transition prediction in laminar boundary layers is mainly carried out by local
and non-local Linear Stability Theory (LST) since alternatives like Direct Numerical Simulation (DNS) of complete
configurations are computationally too expensive for realistic Reynolds numbers. Though proven as a reliable tool for
aircraft design, LST techniques are restricted in diﬀerent ways, for example their applicability for separated boundary
layers due to the parallel flow approach. A physics-based simulation technique would consequently provide insight
into the transition scenario in such complex flow fields and furthermore allow a verification of given LST methods.
Numerical studies of diﬀerent accuracy and eﬀort are possible, starting from stability calculations coupled with
standard CFD simulations of entire configurations as well as basic studies of local boundary layer flow by DNS. All
these techniques have to be verified by analytical solutions and validated by experimental data from literature.
Tollmien-Schlichting (TS) waves are well known as primary instabilities in the transition process of boundary
layers from laminar to turbulent flow (Tollmien1, Schlichting2). Since these modes are essentially two-dimensional
instabilities their properties can be described by time accurate two-dimensional simulations, resolving the perturbation
∗ Heinrich Lu¨deke. Tel.: +49-531-295-3315 ; fax: +49-531-295-2320.
E-mail address: heinrich.luedeke@dlr.de
 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Selection and peer-review under responsibility of ABCM (Brazilian Society of Mechanical Sciences and Engineering)
528   Heinrich Lüdeke /  Procedia IUTAM  14 ( 2015 )  527 – 535 
flow. For this purpose a 4th order finite diﬀerence CFD code is chosen to resolve the modes of interest even at a limited
grid resolution3.
In the following study validations between DNS and LST simulations of the 2D modes are discussed. They are
shown, based on Blasius boundary layers as well as profiles studied by Seitz4 in comparison with results from LST.
Temporal approaches as well as spatial simulations by DNS are compared with LST data of the growth rates and the
perturbation profiles. Furthermore physical questions like influences of wavy surfaces on the TS waves by laminar
wing profiles will be addressed.
2. Numerical tools
2.1. Direct numerical simulation
Direct numerical simulations are carried out by a 4th order compact finite diﬀerence version of the DLR Flower-
code implemented by Enk3. While the basic FLOWer-code solves the compressible Reynolds-averaged Navier-Stokes
equations on block-structured grids with second order finite volume techniques, the high-order version, uses 4th order
central diﬀerencing based on a standard compact approach including the complete infrastructure of the code. High-
order compact filters that are applied at the end of each time step.
2.2. Basic Equations
The basic equations and numerical schemes of the compressible high order FLOWer-code will be described in
the following3. It uses fourth-order central diﬀerencing based on a standard compact approach. High-order compact
filters that are applied at the end of each time step and sponge-zone boundary conditions are optional to reduce
reflections. For the present work a 6th order filter and the standard conservative form of the Euler terms is chosen.
Time advancement is applied by a five-step second order Runge-Kutta method. The solved equations for a perfect gas
with density ρ, velocity components ui, pressure p and internal energy e, are written in conservation law form as
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where E = e+uiui/2. Especially for a temporal LST approach forcing terms fi and g are included in the right hand side
of the equations such that a specified parallel base flow ρ(y), ui(y), E(y) is time independent for comparisons of DNS
results with the temporal LST data. In practice these terms are evaluated numerically within the code by computing
and storing the initial residual. For spacial simulations of TS waves, no source terms are necessary, since the boundary
layer will grow naturally, in these cases fi and g are zero everywhere. The equations are closed with the perfect gas
law and constitutive relations for qi and τi j 5. This approach is used in the following without modification for all grids.
2.3. Linear stability theory
The NOLOT code6, which is a spatial linear stability code, is a development of DLR and FOI and can be used for
local as well as non-local analyses. In this work the local linear spatial approach is applied which is a subset of the
non-local stability equations. The equations are derived from the equations of conservation of mass, momentum and
energy, which governing the flow of a viscous, compressible, ideal gas, formulated in primitive variables. All flow
and material quantities are decomposed into a steady laminar basic flow q¯ and an unsteady disturbance flow q˜.
q(x, y, z, t) = q¯(x, y) + q˜(x, y, z, t) (4)
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The disturbance q˜ is represented as a harmonic wave
q˜(x, y, z, t) = qˆ(x, y) exp[i(αx + βz − ωt)] (5)
with the complex-valued amplitude function qˆ. Since NOLOT is a spatial code the wave numbers α and β are complex
quantities and the frequency ω is a real value. −αi is the complex growth rate.for validations by TS-waves the chosen
DNS approach is inherently temporal in nature, a Gaster transformation5 of the LST growth rates is applied for
comparisons between DNS and LST. The NOLOT code is validated by several test cases against published results,
including DNS, PSE (parabolized stability equations), multiple scales methods and LST. A good summary of the
validation cases is given by Hein et al. 6.
3. Grids and Initial Solutions
For the generation of Cartesian grids, a stretching function is used which provides an extended grid-point resolution
near y = 0, including wavy surfaces. This wall normal grid distribution is given by a sinh function with an iteratively
determined stretching factor. The temporal calculations use periodic boundary conditions in the x and z directions.
No-slip walls at adiabatic wall temperature are applied. At the outer boundaries characteristic conditions including a
standard sponge-layer are used. The initial solution for generic boundary layers and for inflow conditions is obtained
from a separate solution of the similarity equations for compressible boundary layer flow, solved by a shooting method.
Other cases are calculated for boundary layers from a steady laminar wing simulation.
For the basic temporal validation test-case a Mach-number M∞ = 0.204, a Reynolds number based on the displace-
ment thickness of Re = 2900, corresponding to flight No. 8, Measuring point 13 at x/L = 0.34 from4 is considered.
The wall-normal co-ordinate as well as all other quantities derived from spatial co-ordinates are normalized by the
displacement thickness.
The solution on the flat plate with wavy surface is initialized by a Blasius solution at the inflow boundary, which is
perturbed with a general analytic function in the wall-normal velocity-component that mimics the perturbation profile
of a TS wave by a quadratic exponential profile. This time-dependent add-on function in space and time is given by
v′ = vamp · exp(−(y − ymax)2) · sin(ωt) (6)
which is a typical approximation for a TS wave. Here vamp is the amplitude while ymax is the respective wall-normal
location of the maximum in the profile. This is a spacial approach since perturbations in time are added at inflow
while the TS-modes develop in space along the growing boundary-layer.
The temporal DNS of the instabilities is initialized by an artificial disturbance at t = 0 which is given by the same
decaying v-velocity component with a harmonic part in streamwise direction.
4. results
4.1. Validation by a temporal approach
As a first step the abilities of the code in predicting growth rates of TS waves by a temporal approach are tested.
Pressure and velocity contours for temporal DNS calculations of TS waves are shown in Fig. 1 for the boundary layer
flow at M∞ = 0.204, Re = 2900 to provide an overview of the mode shape in terms of these quantities. From these
simulations perturbation profiles and amplification rates are extracted as shown in Fig. 2 in comparison with LST data,
calculated by the DLR-NOLOT code. Due to the spatial LST calculations, the corresponding temporal amplification
rates are results of a Gaster transformation (Fig. 2b). Very good agreement is achieved for the eigenfunctions as well
as for the amplification rates7, which deviate by less than 0.4%. By this way, the higher-order approach for the direct
simulation of TS-modes has been justified.
4.2. Steady simulation of a laminar-wing profile with wavy surface
As a practical application a laminar-wing profile with artificial surface ripples of given wave-length is used. Such
wavy surfaces result from the stringers inside of laminar wings which stabilize the structure but generate slight ripples
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(a) (b)
Fig. 1: TS waves developing in a subsonic boundary layer at M = 0.204, Reδ = 2900. (a) pressure contours, (b)
contours of normal velocity.
which influence the pressure distribution. These stringers consequently influence the growth rate of TS waves and
thus the crucial transition process. The amplitude of these surface imperfections is less than 0.002% of the chord
length while the wave length is about 6% of the chord. The surface is not approximated by a sinusoidal idealization,
but by measurements of realistic waviness from a composite material for a laminar-wing design which was generated
within the DLR-LamAir project8.
A first result of the laminar steady flow-field at M = 0.75, Rec = 107/m is shown in Fig. 3 by the pressure
distribution. Calculations are carried out by the 2nd order finite-volume code Tau, which is well validated for steady
transonic profile-simulations including shocks. A 4th order implicit Pade-scheme using a 6th order compact filter
is chosen for the structured FLOWer-code. Even for this high order approach, the shock is resolved and the shock
position is comparable with second-order calculations by the Jameson approach. By this way, the Pade-scheme is
demonstrated as an appropriate tool for the simulation of TS-waves in transonic boundary-layers.
4.3. DNS of TS-modes on a wavy flat plate
For a first spacial simulation of TS modes on wavy surfaces of small surface-amplitude, a blasius boundary layer on
a simple flat plate was chosen in comparison with the same geometry at sinusoidal surface imperfections of small am-
plitude.
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Fig. 2: DNS and LST of a TS wave at M = 0.204, Reδ = 2900, U∞ = 85.4m/s, (a) comparison of eigenfunction
shape. (b) Direct numerical simulation of perturbation amplitude (symbols) and linear fit of the growth rate (solid
line).
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Fig. 3: Pressure field on a laminar profile at M = 0.75, Rechord = 107 with wavy surface. Calculation by 4th order
Pade-scheme (left) in comparison with a shock capturing scheme by an unstructured simulation.
The flow conditions were adopted from the described laminar profile at a transonic Mach-number M = 0.75. The
cartesian grid is normalized by the displacement thickness at inflow, which is 0.24 mm at a chord-position of 0.2. The
resulting Reynolds-number would be 2400, but a smaller value at inflow will guaranty a well developed perturbation-
mode in the region of interest so the inflow Reynolds number is is finally chosen by Reδ,in = 1000. Surface wave-
length and amplitude must be scaled by the displacement thickness as well, resulting in a wave-length of 645δin and
an amplitude of 0.2δin.
In addition to the perturbed Blasius boundary layer at inflow, at the farfield opposite to the wall a sponge-layer is
added to damp out acoustical perturbations. Furthermore the grid at the end of the plate is stretched to reduce the
resolution of TS-modes and to omit reflections from the outflow-boundary.
Results without inflow-perturbations are shown in Fig. 4 for the flat plate without waviness and the wavy version
by the wall shear-stress and an icon of the wall-normal velocity-distribution on top. The influence of the waves in the
geometry is well visible by both quantities as well as in the flow-field. As a next step, monochromatic perturbations
of typically amplified wavelength at diﬀerent Strouhal numbers are added at the inflow. Snapshots of the influenc-
ing waves on the wall shear-stress are shown in Fig. 5-7 after suﬃcient simulation time to damp out any start-up
disturbances which would distort the amplification of the respective TS-modes.
Fig. 4: Shear-stress distribution of the flat plate at M = 0.75, Reδ,in = 1000 without perturbation. Left: smooth surface,
right: wavy surface.
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Fig. 5: Perturbation of a Blasius profile at M = 0.75, Reδ,in = 1000 on a smooth or wavy surface at a perturbation
Strouhal number of 1/180.
Fig. 6: Perturbation of a Blasius profile at M = 0.75, Reδ,in = 1000 on a smooth or wavy surface at a perturbation
Strouhal number of 1/240.
Fig. 7: Perturbation of a Blasius profile at M = 0.75, Reδ,in = 1000 on a smooth or wavy surface at a perturbation
Strouhal number of 1/380.
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Fig. 8: Perturbation-amplitudes of a Blasius profile at M = 0.75, Reδ,in = 1000 on a smooth or wavy surface at a
perturbation Strouhal number of 1/180.
Fig. 9: Perturbation-amplitudes of a Blasius profile at M = 0.75, Reδ,in = 1000 on a smooth or wavy surface at a
perturbation Strouhal number of 1/240.
Fig. 10: Perturbation-amplitudes of a Blasius profile at M = 0.75, Reδ,in = 1000 on a smooth or wavy surface at a
perturbation Strouhal number of 1/380.
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Fig. 11: Perturbation of the laminar wing-profile at M = 0.75, Rechord = 107 with wavy surface at two diﬀerent
Strouhal numbers.
The amplitudes at inflow are fitted for each Strouhal number to omit non-linear amplitude growth anywhere in
the boundary-layer but keep the perturbation profile well visible in the shear-stress. For all cases the right pictures
represent simulations with wavy walls and show a modulation of the TS-amplitude by the shear-stress variation, while
start- and end-position of the amplified zone are kept unaﬀected. These results will be re-visited when the amplitudes
are investigated. Amplitudes of the perturbations (Fig. 8-10) are simply extracted from the mono-frequent wave-trains
at each streamwise position. they are normalized by the amplitude one mesh-block downstream of the inflow-position
at x = 26 and globally shown over 3 orders of magnitude. The amplifications are obviously comparable for smooth or
wavy surfaces, but modified by the surface-waviness as already shown in the last paragraph.
4.4. DNS of TS waves on the wing-profile
Finally, the steady flow field of the laminar profile (Fig. 3) will be used to show the growth of diﬀerent TS-modes
on the laminar profile with wavy surface. For this purpose the flow-field between a streamwise position of 0.2 and
0.53 is extracted and a prescribed steady boundary-layer profile at inflow is perturbed by the same technique, already
demonstrated successfully for the Blasius boundary-layer. The wall shear-stress at two diﬀerent Strouhal numbers is
extracted from three time-steps to demonstrate the envelope of the perturbing waves for each frequency (Fig. 11). the
behavior is similar to the already shown perturbations on the flat plate, which will allow direct comparisons with LST
results in future studies.
5. conclusions
Goal of this study was a numerical investigation of the eﬀect of small-amplitude wavy surfaces on transition
of laminar-wing flow by Tollmien-Schlichting (TS) waves. This will provide a numerical tool for the prediction of
dominating physical mechanisms. Numerical studies of diﬀerent accuracy and eﬀort are expected, starting from linear
stability theory (LST) in comparison with direct TS-wave simulations, followed by spacial simulations of smooth- and
wavy-surface boundary layers. Finally a laminar wing-profile was investigated and the extracted boundary-layer at a
given position was perturbed by a harmonic time-dependent wall-normal velocity component at inflow. As a result,
the spacial growth and decay of TS-modes was successfully demonstrated.
References
1. Tollmien W. ¨Uber die Entstehung der Turbulenz. Nachr. d. Ges. d. Wiss. zu Go¨ttingen, Math.-Phys. Klasse. 1929: p. 21-44.
2. Schlichting H. Zur Entstehung der Turbulenz bei der Plattenstro¨mung. Nachr. d. Ges. d. Wiss. zu Go¨ttingen, Math.-Phys. Klasse. 1933: p.
192-208.
 Heinrich Lüdeke /  Procedia IUTAM  14 ( 2015 )  527 – 535 535
3. Enk S. Ein Verfahren ho¨herer Ordnung in FLOWer fu¨r LES. DLR IB-124-2007/8. Braunschweig, Germany; 2007.
4. Seitz A. Freiflug-Experimente zum ¨Ubergang laminar-turbulent in einer Tragflu¨gelgrenzschicht. Dissertation TU-Braunschweig. Published as
DLR-Forschungsbericht FB-2007-01 2007.
5. Sandham N., Lu¨deke H. Numerical Study of Mach 6 Boundary-Layer Stabilization by Means of a Porous Surface. AIAA Journal. 2009 Vol. 47,
No. 9; p. 2243-2252.
6. Hein S, Bertolotti FP, Simen M, Hanifi A, Henningson D. Linear nonlocal instability analysis - the linear NOLOT code. DLR-IB 223-94 A56.
Go¨ttingen, Germany; 1994.
7. Lu¨deke H., Wartemann V. Direct Numerical Simulation of Tollmien Schlichting Waves to Support Linear Stability Analysis. Notes on Numerical
Fluid Mechanics and Multidisciplinary Design. 2010 Vol 121; p. 227-234
8. Kruse, M. Personal communication. 2012.
